Abstract. This paper is a brief survey on explicit reciprocity laws of Artin-Hasse-Iwasawa-Wiles type for the Kummer pairing on local fields.
Introduction
Let K be a complete discrete valuation field, O K its ring of integers, m K its maximal ideal and k K the residue field. Suppose that K is an ℓ-dimensional local field: this means that there is a chain of fields K ℓ = K, K ℓ−1 , . . . , K 0 where K i is a complete discrete valuation field with residue field K i−1 and K 0 is a finite field. We shall always assume that char(K 0 ) = p.
Suppose char(k K ) = p > 0: then we have the reciprocity law map
where K ab is the maximal abelian extension of K, Gal denotes the Galois group and K M ℓ is the Milnor K-theory. Assume char(K) = 0 and ζ p m ∈ K, where ζ p m is a primitive p m -th root of unity. The classical Hilbert symbol ( , ) m : K * × K M ℓ (K) →< ζ p m >=: µ p m is: (2) (α 0 , {α 1 , . . . , α ℓ }) m := β ({α 1 ,...,α ℓ },K ab /K) β ,
where β is a solution of X p m = α 0 and ({α 1 , . . . , α ℓ }, K ab /K) is the element given by the reciprocity law map. When ℓ = 1, K is the completion at some place of a global field (i.e., a finite extension of F p ((T )) or of the p-adic field Q p ), K M 1 (K) ∼ = K * and ( , K ab /K) is the classical norm symbol map of local class field theory.
Historically there was deep interest to compute this Hilbert symbol (or, better, Kummer pairing) in terms of analytic objects, as a step in the program of making local class field theory completely explicit. Vostokov [31] suggests the existence of two different branches of explicit reciprocity formulas: Kummer's type and Artin-Hasse's type (later extended by Iwasawa and Wiles). Kummer's reciprocity law [21] is Theorem 1 (Kummer 1858) . Let K = Q p (ζ p ), p = 2, and α 0 , α 1 principal units. Then (α 0 , α 1 ) 1 = ζ res(logα 0 (X)dlogα 1 (X)X −p ) p whereα 0 (X),α 1 (X) ∈ Z p [[X]] * are power series such thatα 1 (ζ p − 1) = α 1 , α 0 (ζ p −1) = α 0 , res means the residue and dlog is the logarithmic derivative.
Artin-Hasse's reciprocity law [2] is: Roughly speaking the difference between these two branches is that Kummer's type refers to residue formulas involving a power series for each component of the pairing, while Artin-Hasse-Iwasawa's type are non-residue formulas evaluating some generic series at the K-theory component of the Hilbert pairing.
There is a big amount of articles in the literature that contribute to and extend the above seminal works of Kummer and Artin-Hasse-Iwasawa. The Hilbert symbol can be extended to Lubin-Tate formal groups, and also to p-divisible groups. These extensions are defined from Kummer theory: hence one often speaks of Kummer pairing instead of Hilbert symbol. Wiles extended Iwasawa's result to Lubin-Tate formal groups.
In this survey we intend to review some of the results on Artin-HasseIwasawa-Wiles' type reciprocity laws. We list different variants of the Kummer pairing; afterwards we sketch some of the main points in the proof of the Artin-Hasse-Iwasawa-Wiles reciprocity law for 1-dimensional local fields. Finally we review Kato's generalization of Wiles' reciprocity law, which is done in a cohomological setting. Kato's work also extends the explicit reciprocity law to higher dimensional local fields and to schemes. For Kummer's type, one should cite also a lot of contributions by Vostokov, and many others, for example Shafarevich, Kneser, Brückner, Henniart, Fesenko, Demchenko, and Kato and Kurihara in the cohomological setting. We refer to Vostokov's paper [31] for a list of results and references for reciprocity laws in this case, adding to it the recent works of Benois [5] (for cyclotomic extensions), Cao [8] (for Lubin-Tate formal groups) and Fukaya [12] and the works of Ankeny and Berrizbeitia [6] . Given α a unit of O K , K a totally ramified finite extension of Q p and π a uniformizer of K, α has a factorization modulo K * p n by a product of E(π k ), k ∈ N, where E is the Artin-Hasse exponential. The contribution by Shafarevich is to compute (α, β) n in terms of the above factorization for α and β. Berrizbeitia [6] recovers Shafarevich results with different methods but also using the above factorization. Notations Let L be a valuation field: we denote O L the ring of integers, m L its maximal ideal, k L the residue field and val L the valuation function. We write L for the algebraic closure of L if char(L) = 0 and the separable closure otherwise; L will be the completion (which is algebraically closed). Denote Gal(L/L) by G L and the continuous Galois cohomology group
For any ring R, R * means the invertible elements of R. As usual F q is the finite field of cardinality q.
The symbol M will always denote a finite extension of Q p : M 0 is the subfield of M such that M/M 0 is totally ramified and M 0 /Q p is unramified.
For N a Z p -module, N (r) will be its r-th Tate twist, r ∈ Z (recall that
Defining val L{{T }} ( a i T i ) := min{val L (a i )} makes L{{T }} a discrete valuation field with residue field k L ((t)) (see Zhukov [33] ). Since we assume char(k K ) = p > 0 it follows that the ℓ-dimensional local field K has residue field isomorphic to F q ((X 1 )) . . . ((X ℓ−1 )). Then we have the reciprocity map (1) obtained by Kato [18] (see the exposition [23] ), which had already been proved by Parshin [25] when char(K) = p > 0. Now we introduce the Kummer pairing through the classical Hilbert symbol (2) . Assume first char(K) = 0 and ζ p m ∈ K and restrict the Hilbert pairing (2) 
where β is a solution of X p m = 1 + δ 0 and c ∈ Z/p m Z is determined by δ 0 and the α i 's. Recall that Milnor K-groups K M n (K) are defined as (K * ) ⊗ n modulo the subgroup generated by a ⊗ (1 − a), a ∈ K * − 1.
We rewrite the above restricted pairing as
where β is a solution of (1 + X) p m − 1 = δ 0 . This reformulation of the classical Kummer pairing for G m can be extended to classical Lubin-Tate formal groups, to Drinfeld modules and in greater generality to p-divisible groups.
2.1. Classical Lubin-Tate formal groups. Lubin-Tate formal groups are defined for 1-dimensional local fields: classically the emphasis is on the unequal characteristic case and in this survey we shall restrict to such setting when considering Lubin-Tate formal groups. We refer the interested reader to [15] and [28] for proofs and detailed explanations.
Recall that a formal 1-dimensional commutative group law
We fix π a uniformizer of M . Define
where p l is the number of elements of k M . 
Example The formal multiplicative group G m over Q p corresponds to the Lubin-Tate formal group with π = p and
We denote by F f (B) the B-valued points of F f . Consider
Remark 4. We want to emphasize that we have an "embedding" of O M into End(F f ), from which we get a tower of field extensions
There is a more general notion of Lubin-Tate formal group, called relative Lubin-Tate formal group, which involves the unique unramified extension of M of degree d. The corresponding formulation of the Kummer pairing differs slightly from (5) . We refer to [10, Chapter 1, §1.1, §1.4, §4.1] for the precise statement.
We also remark that there is a notion of n-dimensional Lubin-Tate formal group [15] . Also in this case we have an embedding of O M into End(F f ), and some generalized Kummer pairing appears. Since Kummer pairing on p-divisible groups will also include this case we do not discuss it any further here.
1-dimensional local fields in char
The key property of Lubin-Tate formal groups is the embedding: O M → End(F f ). This suggests to define a Kummer pairing for 1-dimensional local fields K with char(K) = p > 0 in the following way.
For simplicity we take F = F q (T ) and put
where τ a = a q τ for a ∈ F , τ 0 = id. We can think of F {τ } as a subset of F [X], via τ 0 ↔ X, τ ↔ X q : then F {τ } consists of the additive polynomials and the product in F {τ } corresponds to composition.
Drinfeld [11] defined elliptic modules (now called Drinfeld modules) as embeddings
a → Φ a = a + (. . .)τ, F q -linear and non-trivial (i.e., there is a ∈ A such that Φ a is not equal to a).
For a ∈ A we write Φ[a] := {zeroes of Φ a (X)}. We have that Φ[a] ∼ = (A/(a)) d and define rank(Φ) := d. Let p = (π) be a place of A: under some technical assumptions (see [3] for a reference) we can extend Φ to
which we also call Φ, a → Φ a , where F p is the completion of the field F at p and F p {{τ }} is the ring of skew power series.
Denote by W Φ,π m the set of roots of Φ π m (X) in F p . For any finite extension K/F p containing W Φ,π m we define the Kummer pairing:
where β is a root of Φ m π (X) = a.
For example for rank 1, the simplest Drinfeld module is the Carlitz module defined by
p-divisible groups.
A vast extension of the theory above considers p-divisible groups (also called Barsotti-Tate groups). For the definition and main properties see [29] .
Let G be a p-divisible group scheme over O K of dimension d and finite height h, where K is any ℓ-dimensional local field with char(k K ) = p > 0. We denote by [p m ] G the p m -th power map G → G and let G[p m ] be the group scheme kernel. As usual, X(B) denotes the B-points of the scheme
where β is a root of [p m ] G (X) = a. Finally we observe that p-groups with an action of O K have also been studied [29] . In this case (7) can be reformulated with respect to [π m ] G , π a uniformizer of K.
Cohomological interpretation.
Let K be an ℓ-dimensional local field with char(k K ) = p > 0 and char(K) = 0 . The Kummer pairing also admits an interpretation in terms of Galois cohomology. We do this in the generality of p-divisible groups. Consider the exact sequence
This induces:
is obtained by cup product
) from the usual Kummer sequence. There is a canonical isomorphism [18] H ℓ+1 (K, Z p (ℓ)) ∼ = Z p defining the following pairing:
Then by [12, Proposition 6.
If one could define a good analog in characteristic p of the Galois symbol maps for the cohomological groups from Illusie cohomologies used by Kato [18] to obtain the reciprocity law map ( , K ab /K), then a cohomological interpretation should appear when char(K) = p > 0 (following arguments like the proof of [12, Proposition 6.1.1]). We refer to [23, §5] for a very quick review of the definitions of these cohomological groups and of Kato's higher local class field theory.
2.5. Limit forms of the Kummer pairing. In this subsection ( , ) m denotes any of the pairings (4) to (7) .
Let 
: it consists of sequences (a n ) n≥N (for some N ∈ N) such that a n ∈ K ♯,n and a n+1 = [♯]a n .
We need to impose that the K ♯,m 's are abelian extensions of K (this is satisfied for example by 1-dimensional classical Lubin-Tate formal groups and rank 1 Drinfeld modules). Then we have a limit version of the Kummer pairing:
where lim
is with respect to the Norm map. The limit pairing is well defined: by the abelian assumption we have (Kato-Parshin's reciprocity law) (
. We remark that the above is often formulated without taking the whole limit tower. That is, suppose that one wants to compute explicitly (a, u) m and
then by a similar argument as needed for defining (9) we have
We can also write the above limit form (9) as:
(a, u n ) n with fixed m. These homomorphisms are continuous because of the continuity of the Kummer pairing: see [3, Lemma 15] for the case ℓ = 1.
3. Explicit reciprocity law formulasà la Wiles' for 1-dimensional local fields
In this section we fix ℓ = 1 and sketch some of the main ideas to obtain explicit reciprocity laws for a 1-dimensional local field K in the context of classical Lubin-Tate formal groups and rank 1 Drinfeld modules, introducing Coleman power series. See the last section for different approaches to this explicit reciprocity law through the exponential or dual exponential map.
Let K be either M or F p . In the Drinfeld module case Φ is required to be of rank 1 (in order to obtain abelian extensions) and sign-normalized. We refrain from explaining this last technical condition (the reader is referred to [3, §2.1] and the sources cited there) and just notice that when A = F q [T ] as in §2.2 this means that Φ is the Carlitz module, i.e. Φ T (X) = T X + X q . Furthermore we take π ∈ A a monic polynomial.
We lighten the notation introduced in §2.5 by shortening K ♯,m to K m . The extensions K m /K, are totally ramified and abelian: they are generated by roots of Eisenstein polynomials and In this section ( , ) m refers to (5) or (6) and ( , ) refers to (9) . First, notice that ( , ) m is bilinear, additive in the first variable and multiplicative in the second variable. In particular ( , ζ) m = 0 for any root of unity ζ.
Consider the character
it can be thought of as a character of Gal(K ab /K). We remark that for G m this χ corresponds to the cyclotomic character χ cycl . The main point is the following:
coincides with the inverse of the local norm symbol map. Therefore:
Inspired by (12) one can ask: could we find h such that (a m , u m ) m = [h(a, u)] f (ε m ) for classical Lubin-Tate formal groups or = Φ h(a,u) (ε m ) for rank 1 Drinfeld modules? Observe that h(a, u) modulo π m defines the same action over ε m (because W ♯,m is isomorphic to O K /(π m )).
In this direction one obtains the following results. From class field theory it follows (a, a) n = 0. Exploiting linearity and continuity of the pairing ( , ) m one obtains (assuming v(c) greater than a fixed value which depends linearly of n),
Notice that one can pick a power series g ∈ O K ((X)) such that g(ε n ) = w and dlog w/dε n = g ′ (ε n )/g(ε n ).
Finally one proves that exists m > n such that (a n , ε n ) n = −(ε m
This suggests the following definition of an analytic pairing:
Here · is the action on the Tate module at level n and λ is the logarithm map defined by λ(a) := lim 
The general case follows Iwasawa's argument. Here we will state a limit version, hence we suppose that (u n ) ∈ lim ← K * n (limit w.r.t. the norm). To express in compact form the limit of the pairings [ , ] n it is convenient to introduce Coleman's power series.
There exists a unique operator N (the Coleman norm) defined by the property
(N h) • f (X) = w∈W F f ,0 h(X + F f w) for any h ∈ M ((x)) 1 (
the set of those Laurent series which are convergent in the unit ball). (2) [3] (case K = F p ) There exists a unique operator N such that
for any h ∈ F p ((x)) 1 . Moreover, in both cases the evaluation map ev :
Denote by Col u the power series associated to u ∈ lim ← K * ♯,n . Then we define the limit form of the analytic pairing by
Notice that dlog Col u (ε n ) = dlog un dεn . Finally one observes that [a, u] has similar properties to (a, u); in particular [a, u] = [a n ε n dlog Col u (ε n ), ε n ] n (compare with (13)) and to prove the reciprocity law one is reduced to show [ , ε n ] n = ( , ε n ) n for n big enough. 
Explicit reciprocity laws and higher K-theory groups
The starting point for the results in §3 is explicit local class field theory applied to ε and the dlog homomorphism. In [19] and [20] Kato reinterpreted Wiles' reciprocity law as an equality between two maps obtained by composition of natural maps from cohomology groups and gave generalized reciprocity laws in higher K-theory. Here we introduce his approach to the classical Hilbert symbol for ℓ-dimensional local fields, ℓ > 1, and reformulate parts of it for rank 1 Drinfeld modules.
4.1.
Exponential map in the Hilbert symbol. In this paragraph we assume char(K) = 0 and char(k K ) = p > 0. Take:
, the map exp δ extends to a group morphism [22] :
R are the Kähler differentials and r is a strict positive integer. The function exp δ,r factors through [27] generalizes theorem 2:
where
are such that g(π) = α 1 and h(π) = ζ p n , and the pairing is (2) .
The proof of theorem 7 reduces to theorem 2 because 
where h * is the Hilbert symbol {a, b} → (a, b) n . We rewrite Sen's theorem as a commutative diagram. Take γ ∈ O M with val M (γ) = val M (p) p−1 . Fontaine proved that we have the following isomorphism
(where T r η is the map induced by x → T r M/Qp (ηx)) is Sen's theorem [22, §4] . Now we consider ℓ > 1. Assume ζ p n ∈ K. Consider K 0 with K/K 0 a finite and totally ramified extension such that p is a prime element of
and the residue field is F q : then K 0 = M {{T 1 }} · · · {{T ℓ−1 }}. Kurihara extends Sen's result to higher Milnor K-theory (theorem 8) by means of the commutativity of the diagram:
, Res is the Kato's residue homomorphism in Milnor K-groups and h L is the Hilbert symbol {a 1 , . . . , a ℓ+1 } → (a 1 , {a 2 , . . . , a ℓ+1 }) n . 
where the last isomorphism is Kato's trace pairing [19, II, §2] and exp is the exponential map. Wiles' reciprocity law affirms that ̺ ε (a) has an expression in terms of dlog , which can be reformulated by defining a natural map δ ε . Here we define ̺ ε and δ ε in Kato's generality [20, §6] : this essentially includes LubinTate formal groups and the generalized Wiles' reciprocity law obtained in §3 ([20, 6.1.10]). Let K be an ℓ-dimensional local field with char(K) = 0 and char(k K ) = p > 0. Take G a p-divisible group over O K with dim(G) = 1. Suppose Λ ֒→ End(G) with Λ an integral domain over Z p which is free of finite rank as Z p -module. Suppose T p G is a free Λ-module of rank 1 and fix a generator ε. Let K n /K be the field extension corresponding to Ker(
to it one can apply Fontaine's theory. By Fontaine's ring B dR,K (here we just recall that it is a filtered G K -module -see [19, §2] for more) one constructs the filtered module
The recipe to construct GSM is: fix n, then compose the Galois symbol map defined in §2.4 (but with coefficients in (Z/p n Z)(ℓ)) instead of Z p (ℓ)) with ∪ε −1 n :
) and take the trace map to have the cohomology group over K, and finally take the limit with respect to n.
As for δ ε : up to some technical details which we do not reproduce here (see [20, p.119] ) it is essentially the map dlog : Remark 11. Kato obtains a generalized reciprocity law when dim(G) = 1, T p G is Λ-free with rank Λ T p G = ℓ ≥ 1 and some technical conditions from Fontaine's theory are satisfied [20, Theorem 4.3.4] . He also defines ̺ s (from Fontaine's theory) and δ s (on the dlog side) with s ∈ N ℓ as maps lim
where Y n is a scheme representing a functor related with the p n -torsion points associated to G and r(s) ∈ N.
Remark 12. Kato's generalized reciprocity laws (theorem 10 and remark 11) did not include a generalization of Coleman power series. Fukaya [13] obtains a K 2 -analog for the Coleman isomorphism. 
where t n,m :=
, cor is the corestriction map, χ cycl is the cyclotomic character as in §3, ∪ log χ cycl is the cup product by the element log χ cycl ∈ Hom cont (G M , Z p ), inc is the map induced by lim
Inspired by this cohomological approach, Kato formulates a new reciprocity law. To state it we need to introduce some more notation. Take a smooth O M -scheme U , complement of a divisor Z with relatively normal crossings in a smooth proper O M -scheme X. We assume there is a theory of Chern classes for higher Quillen K-theory giving functorial homomorphisms
where the K r 's are Quillen K-theory groups and H et denotes continuous etale cohomology. By the Hochschild-Serre spectral sequence we obtain a map 
is given by the composition of
where ∪ log χ cycl is the Tate isomorphism M = H 0 (M,M ) → H 1 (M,M ) and the first isomorphism is induced by the Hodge-Tate decompositionM ⊗ Qp [26, p.407 ] (for more on exp * and how it fits into a motivic Tamagawa number framework see [7] ). On the dlog side we need a Chern character into de Rham cohomology (cohomology of differentials). When X = Spec(R) is noetherian it exists a map dlog :
, and other properties [26, p.393] . Denote
) the hypercohomology of the de Rham complex of differentials on X with logarithmic singularities over Z: it has a natural filtration. We recall that
For simplicity assume M = M 0 , so that Ω 1 
where tr denotes (
Remark 15. Take X = P 1 and 
dR,M (V ) can be computed in terms of a dlog map, for any r with 1 ≤ r ≤ p − 2 (as before ε is a fixed generator of T p F f for a Lubin-Tate formal group F f over O M ). We refer to [16] for precise statements.
4.3. Rank 1 Drinfeld modules. Kato's approach inspired the construction of the diagram presented in this subsection, which is the only new material of this survey paper. As in the rest of this work, we restrict ourselves to the case of the Carlitz module; however, we remark that theorem 18 can easily be extended to any rank 1 sign-normalized Drinfeld module, with exactly the same proof (mutatis mutandis: the changes are the same necessary to pass from the function field results exposed in this paper to the more general statements of [3] ).
Remember that the Galois action on the module of Kähler differentials Ω O Φ,n /O is given by σ(αdβ) = σ(α)dσ(β), σ ∈ Gal(K Φ,n /K), α, β ∈ O Φ,n . In particular, one has σ(dε n ) = d(σε n ) = d(Φ χ(σ) (ε n )) = χ(σ)dε n .
Besides, dε n = dΦ π k (ε n+k ) = π k dε n+k .
By lim
← Ω O Φ,n /O we denote the limit with respect to the trace map, defined as usual by T r n m (ω) := σ∈Gal(K Φ,n /K Φ,m ) σ(ω) where T r n m = T r K Φ,n /K Φ,m .
Lemma 17. Let (ω n ) n ∈ lim ← Ω O Φ,n /O and for each n choose x n ∈ O n so that ω n = x n dε n . Then the sequence y n := π −n T r n m (x n ) converges to a limit in K Φ,m for any fixed m. (where vertical maps are induced by χ) shows that χ(σ)−1 ∈ p n for σ ∈ G r n . The equality ω n = T r n+k n ω n+k can be rewritten as
that is, π k x n = σ(x n+k )χ(σ) + δ n,n+k for some δ n,n+k ∈ d K Φ,n+k /K . Let z n,n+k := because Φ π ∈ O{τ } commutes with the action of G K ; here π n √ a is a root of Φ n π (X) = a.)
